JIEKLIUS 4
§6. LllemiMmuin 6ap 00,1ybI KIHE KATFBI3ABIFbI

6.1. byn maparpadra TysIHIBICEI OOWBIHIIA IIenIuired OipiHmmn perti auddepeHunanabK
teraeyaiH Komm ecebiH KaHaraTTaHABIPAThIH MICHIIMHIH 0ap OOJybl KOHE OHBIH JKaJIFbI3/IBIFbI
KapacThIPBLIAIBI.

CoHbIMeH, OipiHII PETTi TEHACY/IIH KAJIBIITHI TYPiH aJIalbIK:

d
=T, )
X

MyHZaFbl, f(X.y) QYHKIHUACH Ka3bIKTBIKTAFbI Keiioip D — R? TyBIK 0OJIBICHIH/IA AHBIKTANICHIH.

OcslI TeHey YIIiH 6acTanKbl
Wx) =0 (2)

MIapThIH KaHaFaTTaHbIPAThIH IIEIM/I Tady eceOi KoibuIchIH. by sxxepne (X,,Y,) HYKTeci cou
D 0OJBICHIHBIH iIIIH/E JKaTa bl JACT eCeNTeNiHel, a1l D 0OJBICHIH, oeTTe, TOPTOYPHIIT TYpiHIe
aJapl:

D={(x,y):|x—x0|Sa,|y—yo|Sb} 3)

MYHJAFbI, aXoHe b - Oenriii oH caHmap.
Teopema-1. Erep f(x.y) dyHkuusce D oOnpicbIHAa TOMEHJETIIEH €Ki MapTTh

KaHaraTTaHJbIpCA:
1) exi aprymeHTi OOMBIHIIA Y3IiKCi3, COHBIKTAH OJ1 NIEKTEJITeH:

sup|f(x,y)=M, M >0
D

2) y aprym™meHTi Oo¥ibiHIIA JIMIIINIL IIAPTHIH KAaHAFATTAHIBIPA/IbL, SIFHH K€3 KeJTeH €Ki HYKTe
YIIiH

|f(X,J’1)_f(X’yz)|S|—|Y1_y2| (4)

TEHCI3]IIT1 oppiHIananel, L>0, onma Oacrankel (2) mapTThl KaHaraTTaHABIPATHIH,
b o
|x — x| <h, h=min(a,ﬁ), apajibIFbIHJIA AHBIKTAIFAH Y3AIKCI3 Ju(QepeHIraniaHaTbiH KaaFbl3

raHa y=¢(x) menrim 6ap 0osaasl.
JManenneyi.

1°. Anmpiven Komm eceGiHiH MHTErpanbIK TEHAEYTe apa-Tlap eKeH N H KopceTeHik.
ANTanslK, y=¢(X) QYHKUUACH (2) HIApTTHI KAaHAFATTAHABIPATHIH,

|x - x0| <h kecinaicinne anpikTanFas (1) TeHIEyiH IeniMi OOJICHIH:

%: f[x,(p(X)],(ﬂ(Xo)Zyo

COHFBI TETIe-TeHIIKT1 Xo-JICH X-Ka JACHIH WHTErpaagacak, MbIHAH/ Al TEeTe-TeH K aJlaMbl3:

o(X)=0(% )+ [ f(r.p(z))dr

X0
bynan y=¢(x) QyHKIUACBIHBIH



y=yo+ [ F(ry)de (5)

X0

MHTETPAIJIBIK TEHACY/IIH IIeIiMi O0JIaThIHBIH KOpEMis.
Enpni kepicinme, y=¢@(x) QyHKIusCH (5) TeHALYIH MIeniMi OO0JICHIH:

o(X)=Yo+ | f[r.p(r 7, vxe[x —h. % +h]

X0

bynan ¢(x,)=Y, OonaTeiHbIH KepeMi3. Erep ockl Tene-TeHaIKTI quddepeHnnanacax,

000 g0

Tene-TeHITH aJaMbl3.

bynan misiraTeia KOpHITHIHABI — Kommu ece0iHiH menriMin Tady yuriH
MHTETPANIBIK TEHICY IIH MIEeUIiMiHIH OapIIbIFBIH JKOHE KAIFbI3IBIFbIH JOJIETACCEK KeTKUTIKTI.

2°, WuTerpanaplk TeHACYIIH MICHIIMIH OipTiHIEN XKyBIKTay dmiciMeH i3aeimi3. by omicTi
ITukap ofici aemn Te aTaiabl.

bacTtankpl HONIIK JKyBIKTAy pETiHIE 13JIENIHIN OTBIpFaH (YHKUUSHBIH AIFAIIKbl Yo MOHIH
anambI3 Ja, O1piHIII KYBIKTAy YIIiH

X
Y1(X)=YO+Jf(TvYO)dT (6)
X0
OpHETIH jKa3aMbI3, aJl EKiHII1 XKYBIKTay YIIIH

Ya(X)=Yo + | (r.y)de @

X0

OPHET1H *a3aMbI3. JKaJrbl, K3 KeJIreH N -1 KYBIKTayIbl MbIHA TYP/IE Ka3aMbl3:

Ya(X)=Yo + | £(r.yn 1) ®)

X0

Mynna X € [x, —h, X, + h]. Ocs1 kecingini Ieano kecingici aem atail.
Euni aneiaran  {yn} Ti30eriHiH opOip Mymieci OepiireH OOJBICTBIH IIIHJE KATaThIHBIH
KepceTyimi3 kepek. AMNHbIManbl X-Thl IleaHo keciHmiciHAe e3repenl MM, >KybIKTayJapblH
OacTarnkbl MOHHEH aybITKYJIapbIH €CEeNTEHIK.

AnnpiMeH,

X
<M _[dr

X0

[ (2,90 )de

X0

[V1(X) = Yo| = = M|x—x,|<Mh<b

ExiHmIi >KybIKTay YIIiH:

[ F(z.y2(r))dr

X0

|V2(X)=Yo| = <M|x—X|<Mh<b

JKanrel, ke3 KeJreH N-Ii KybIKTay YIIiH TOMEHETiel TeHCI3/1K ajJaMbl3:

[ #(r.Yna(2))dr

X0

[Ya(X) = Yo| = <M|x— x| <Mh<b 9)




byn teHcizmikTep Ti30€KTiH OapabiK Mytienepi D oOabICHIHBIH KeHOIp KIITipeHTreH 0OJIBICHIHBIH
IIITH/IE KATATHIHBIH KOPCETE/Ii.

3°. Enni KybIKTaynap Ti30eriHiH KHHAKTBUIBIFBIH Kepcereifik. Ti30eKTiH KMHAKTHUIBIFBIH
JIOJIENICY YUIIH COJI TI30€KTEeH KYpbhUTFaH (YHKIHUSUIBIK KaTapabl KApacThIPaMbI3:

Yo+ (Y1 —Yo)+ (Y2 = V1 )+t (Yn = Yno1 )+ (10)

Och1 KaTap OIpKAJIBINTHI )KUHAKTHI 00JICa, OHJIA {yn} Ti30eri Jie O1pKaJIBINThI )KUHAKTHI OOJIaIbI,
OUTKeH1, S, =Y, .

Karapaeig opOip mymieciH, ekiHmmiciHeH Oactan, Ileano kecinmiciHae aOCOJIOT IIaMachl
OoMbIHIIIA OarajlafbIK:

ff(r,yo )dz

X0

|Y1_y0|= SM|X—X0|SMh,

X

[[f(z.y2(2)) = f(z,Y0 )7

X0

X

[[f(z.y1(2) = f(z,yo )dr

X0

Y2 —ya| = <

Conrbl TeHCI13AIKKE JIMMIIUI] IapTHIH Nai1aTaHcak, oHaa

—x 2
< MLT|T—TO|dT = MLMS MLh—
X0

vz =val=t 21 21

X
J|Y1(T)—YO|dT
X0

Ocpnunaiima,

X

I|y2(1)—y1(r)|dr

X0

<L <

1[f(2aya(2 )~ f(z.y2(e Dlr

X0

|y3_y2|:

2 3
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TeHCI3Ir anpiHaapl. Ke3 kedareH n-mii mymie YOIH A€ WHAYKOUS ONICIH MaiJalaHBbIIl,
TOMEHJIET11e! TeHCI3/IIK alaMbl3:

X

[[f (2. Yna(z )= T(7,Yn_o(z )7

X0

<

|yn - yn—1| =

hn

T[¥n2(7)— Yo o()d7 L

X0

<L smwlkléﬂsmwl
n!

ConpiveH, ¢yHkumsuiblK (10) kKaTapaplH aOCOMIOT MmaMachblHAaH KypbUTFaH Katap Ileano
KECIH/IICIH/Ie TOMEH/IET1Iel CaHIbIK KaTapMeH OarajlaHbIl OTHIP:

3

h? > h L h"
[ Yo |+Mh+ML—+ML" — + ..+ ML"" —+ .. (12)
2! 3! h!

byn karapas! (10) GyHKUMAIBIK KaTapbIH MaXKOPAHTHI JIETI aTailIbl.
EHlIi ochl Ma)KOpaHTTBHIK KaTapJblH >KUHAKTBUIBIFBIH KepceTeiik. JlamamOep OenriciHe
CYHEHCEK,



npn+l oy
lim Pt iy MRy B g g
n>o a, nooML"h"(n+1)! noen+l

srHY, (11) kaTap xuHakTel. COHNBIKTaH, BeliepmTpace Teopemacsl OoiibiHIIa GyHKIUSIIBIK (10)
karap IleaHo KeciHAICiHIH ImIiHAE OIPKAJIBINTHI a0CONIOTTHI JKMHAKTHL. Erep KatapabiH
KOCBIH/BICBIH ¢(X) sien Genrinecek, onaa Ti36eKTi meri ochl ¢(x) Gomaubt:

lim y,(x) = ¢(x)

(10) xaTapubiH opOip mymeci |X—xo|£ h keciumiHiH 1mIiHAEC Y3MIKCI3 QYHKIUS OOJFaHIABIKTaH

JKOHE ON KaTap OipKaJbIITHl >KMHAKTBl OONFaHIBIKTaH, KoImM TeopeMachl OOMBIHINA OCHI
KeCiHiHiH iminge ¢(x) GyHKIUACH 1a y3aiKkci3 6omaupL.

4°. Ti36exTiH GipKaIBINTHI )KMHAKTHUIBIFBIHAH |yn( X)—o( X )| <&,Yn>N(g) WapThl WIBIFABI.

Jlvnumi mapThiH MaigaIaHbIIl,

<

 tleya(ole— [ flrp(o)le
X0

X0

ﬂf[z-’yn(f)]_ f[T,¢(T)]dT <
X0

X

[[yn(7)=o(7)dr

X0

<L < Léelx—xo|< Léh

TEHCI3AIriH anmambl3. bysl TEHCI3NIK WMHTErpajjaH IIeK ady YLIIH COJI WHTErpal acThIHIAFbl
OPHEKTEH LIEK ayra O0OJaThIHBIH KOPCETe i, SFHU

lim f f(z,y,(z))dz= f f(z,limy,(z))dz = ff(r,go(r))dr
—>0 X0

X0 X0
OcpIHbI Maiiiananbl, (8) KaTbIHACTAH HIEK aJlalfbIK:

men(x)=gm[yo ‘ ff(r,yn_l(r»dr}yw J 1z )z

X0 X0
HEMECE

o(X)=Yo + [ F(z. p(z))de (12)

X0
byn Tene-teHuikteH ¢(X) (QyHKUMSICHIHBIH [leaHo KeciHAiCiHAE WHTErpajbIK TEHACY/IIH
nrenrimi 6onatbiHbIH KepeMi3. ConabikTaH, o1 Komm eceOiHiH 1memiMin 6epei.
5°. Ko eceGiHiH memiMiHiH KaIFbI3IbIFbIH IOy YIIiH aabMeH [ pOHyOILT 1eMMachIH
KeNTipeHik.
Jlemma. KeiiGip <a,b> apanbIFpIHA y34ikci3 u(t)>0, f(t)>0 dynkuusiapsr xone C>0

TYPaKThl CaHbI YIIIH

j'f(r)u(r)dr

to

u(t)<C+ , Vi, t,e<a,b> (13)

TEHCI3/IIT1 OpBIHAICa, OHJA OJaH MbIHAHAal TEHCI3/IK amyFa 0oIabl:



}f(r)dr
to

u(t)<Ce (14)

Jloneneyi. (13) TeHCI3MiKTi OH KaFbIHIAFBI KOCHIH/IbIFA Goreitik (t > 1, ):

: u(t) <1
C+ _[ f(r)u(r)dr

to
Exi sxarbiana oH f(t) gyHKuumscelHa KeOeHTil, ty-AeH t-ra JeiiH uHTerpai ananblkK:

ERIGTC T
t0C+_[f(71)u(71)dz'1 to

to

MyH1a 6eIIeKTiH anbIMbl 06JIMIHIH TYBIHABICH €KEHIH €CKepPCeK, OHIa

t

InC+ [ f(x,)u(t,)dr,| < [ f(@)de
to to

to
Ocbrga"

t t
IniC + j f(ru(zy)dz|—-InC < j f(z)dr
) )
[Torenmanman, onan coH Oepinren (13) TeHci3mikTi maiaanancak, (14) TeHcizgikke kememis (

t <t, OGosraHaa JIeMMaHBI IJIEN/CY YIIIH HHTETPAIIbIH OaFbIThIH ©3repTCce, KETKLTIKTI).

Enai ocel (14) TeHCI3MIKTI MalijaaHblII, MEIIIMHIH KaJlFbI3IbIFbIH KOPCETEHIK.
Ajiransik, ¢(X) xoHe Y(X) GYHKIMSIIAPHI OPTYPIIi €Ki MICIIiM OOJICHIH:

o(X)=Yo+ | F(ro())dr,

X0
V()= + | F(r())r

X0
Ocpl memiMaep/IiH aiblpMachiH OaranalbIK:

X

o) —w(x)|=|[[f(z.0(2)) - f(z.p(z )]d7| < LTI(/?(T)—!//(T)IdT

X0 X0

Mysza u(x)=|p(x)—w(x)|, f(x)=L, C=0 exenin eckepcek, (14) Tencismikren |p(x)—w(x)=0
TEHJIIT1 IIBIFATBIHBIH KOPEMI3, SIFHU @(X)=W/(x), VX € [XO —h, x+ h].

ConbimeH, [leano kecinmicinge Komm ecebiHiH TeK KaIFbI3 FaHA MICHIiMi 0ap €KeHi TOJBIK
AJIEIAEH .

Eckepty-1. lemrim [xO -h, x+h] KECIHICIH/E aHBIKTAJIBIT OTHIP. MyHIa h:min{a,%},

arHU h canbl M caHblHa Kepi Toyenni: M canbl yiakeH Ooica, h a3 can 6omansl. COHIBIKTaH,
HIENIIM X, HYKTECIHIH KbICKa TYMBIK ayMarblHAa aHbIKTaubIl OTbIp. Ocbl cebenti Oy

TYKBIPBIMJIBI JIOKAJIBI TeOpeMa Jel aTaiibl. AJ MIBIHABIFBIHAA, MIeIiMIl OepiireH oOIbICTHIH
IIeKapachlHa JICHIH co3yFa 00aIbl.



Eckepry-2. Onerre, JIummui mapThIHBIH OpPHBIHA 0/1aH 0ACBIMBIPAK JKOHE OHAll TeKCcepisieTiH
mrapt aneiHaael. Jomipek, f(X,y) QyHKIUICH OepiiareH TYMbIK 00JbICTa y apryMeHTi OOMbIHIIA

y3aikceiz nuddepennmananaab — aer.
Byt mapt opeiHanFanaa JIMmmmi mapTsl ©31HEH 631 OpbIHIAIAIbI.
Iembiaga 1a, erep D obabiceinga

sup| f(x,y)lsL
D
TEHCI3/IIT1 OPBIH aJica, OHJA eciMIle Typaibl JIarpaHx TeopemMachlH NaiiaJaHambl3:

f(x,y1)- f(Xay2)=%(X1V1+9(y1_y2 N(Y1—Y2),(0<8<1)Ocsbinan,

[ FOX,y )= F(XY2) KLy Y2l

srHM, JIMnmmn mapTeiH aniaplk. An JIunmmn mapteiHaH GYHKIUSHBIH auddepeHnraianybl
mibiFa Gepmeiini. Oran 6ip mbican, f(X,y)=|y| dynxumscer. by dynxups JInmmm mapTsiH Ke3

KCIITCH apaJII)IKTa KaHaFaTTaHIII)IpaIII)II
IOy )= FOGY2 ) =l val=1 Y2 [ dyi—Yo |, L=1

Amnaiina, 6y ynkuusiabig (x0) HYKTeciHe y OoibIHINIA AepOec TybIHIbICH AaHBIKTaIMaraH.
Kammer, Jlunmmn mwaptel QyHKIUSHBIH Oip apryMmeHTi OoWbIHIIA OipKaJIBINTH ©CYiH
KOPCETEIi.

Eckepty-3. TikTopTOYPHIIITHIH OpPHBIHA K3 KEJITCH MIEKTEITeH TYHBIK 00JIBIC aryFa O0Iapbl.
by sxarnaiina (X,Y, ) HyKTeci OOJIBICTBIH 11IKI HYKTeCi 00Tyl Kepex.

Eckepry-4. Teopemansl (X,Y, ) HYKTECIH IIIIH/IE YCTAWTBIH alIBIK OOJIBICTA /1A TOJIENJIEYTe
6omagel. On yumiH f(X,y) (YHKUMACBIHBIH OChI OOJIBICTA Y3ZIKCi3 OOJybIMEH KaTrap, COJl

OOJIBICTBIH Ke3 KEeJNreH iIIKI HIeKTeNreH TYWBIK OesiriHae JIMMmuI mapThiH KaHaraTTaHAbIPYb
THIC.
Eckeprty-5. Teopemanarsl f(x,y) (GyHKOMSICH TEK Y3MdIKCI3 FaHa OoJica, sFHHM Jlummuig

IapThl OPBIHAAIMACA, OHJIA TEHEYI1H 0acTalKbl MapTThl KaHaFaTTaHABIPATHIH MIEITIM1 OOJAIbI,
Oipak o1 anFei3 601Maysl MyMKiH. byl TykbIpbiMbl [Ieano Teopemach! allKbIHIaHabI.



